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Abstract 

The theory of Nichols algebras of diagonal type is known to be 
closely related to that of semisimple Lie algebras. In this paper the 
connection between both theories is made closer. For any Nichols alge- 
■<^j- ■ bra of diagonal type invertible transformations are introduced, which 

remind one of the action of the Weyl group on the root system asso- 
ciated to a semisimple Lie algebra. They give rise to the definition of 
a Brandt groupoid. As an application an alternative proof of classi- 



fication results of Rosso, Andruskiewitsch, and Schneider is obtained 
without using any technical assumptions on the braiding. 
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1 Introduction 

A method of Andruskiewitsch and Schneider pQ for the classification of 

pointed Hopf algebras contains as an essential step the determination of 
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ship 



1 



Nichols algebras with certain growth conditions. However even in the sim- 
plest case, when the Nichols algebra is of diagonal type, there exists up to 
now no complete answer to the latter problem. General assertions which 
relate Nichols algebras to semisimple Lie algebras were proved for example 
by Rosso [TU] and Andruskiewitsch and Schneider 1]. In both cases the 
introduction of additional technical assumptions was necessary. 

Kharchenko P proved that any Nichols algebra B(V) of diagonal type 
has a (restricted) Poincare-Birkhoff-Witt basis consisting of iterated skew- 
commutators of basis vectors of V. Further, B(V) has a natural Z n -grading, 
where n is the rank of B(V). This gives rise to the definition of the "root sys- 
tem" of B(V), see Section EJ It is natural to look for a structure which plays 
here a similar role as the Weyl group for ordinary root systems. In Section 
^transformations of Nichols algebras of diagonal type are introduced. They 
naturally give rise to a Brandt groupoid structure, see Section associated 
to B{V). It will be called the Weyl-Brandt groupoid of B{V) and denoted 
by VTfV). If the Nichols algebra is of Cartan type then is isomorphic 

to G x B for a group G and a set B. If the corresponding Cartan matrix 
C is symmetrizable then G is isomorphic to the Weyl group associated to 
C and B is the orbit of the ordered standard basis of Z n under the action 
of the Weyl group. In the last section of this paper W(V) is used to give 
a new proof of the classification results of Rosso and Andruskiewitsch and 
Schneider without using technical conditions on the braiding. The relative 
simplicity of the proof stems from the fact that Kharchenko's results and the 
use of W(V) allow to determine the degrees and heights of the (restricted) 
Poincare-Birkhoff-Witt generators without knowing the defining relations of 
B{V) explicitly. 

Throughout this paper k denotes a field of characteristic zero and tensor 
products ® are taken over this field. Given an algebra B, let B op denote B 
with the opposite product. Similarly, if C is a coalgebra then C cop denotes C 
with the opposite coproduct. For the coproduct and the antipode of a Hopf 
algebra the symbols A and k are used. The coproduct of elements a of a 
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coalgebra is written in the Sweedler notation A(a) = am © 0(2)- The set of 
natural numbers not including is denoted by N and we write No = NU {0}. 

The author would like to thank Professor H.-J. Schneider for helpful dis- 
cussions on Nichols algebras during the "International Conference on Quan- 
tum Groups" dedicated to the memory of Joseph Donin, Haifa, July 2004. 

2 Left and right skew-differential operators 

Let k be a field of characteristic zero, G an abelian group, and V G ^yT> 
a finite dimensional Yetter-Drinfel'd module with completely reducible /en- 
action. Let 8 : V — > kG © V and . : kG © V — > V denote the left coaction 
and left action of kG on V, respectively. Set n := dim^ V. By assumption 
there exist nonzero numbers G k, a basis {xj 1 1 < i < n} of V, and for 
each % with 1 < i < n an element gi E G such that 

//,../•; 7,,./';. 5(Xj) =gj® Xj (1) 

for all z, j G {1, 2, ... , n}. Then the braiding a G Endfc(V © V) of V where 

a(v © w) =(v(-i).w) © U( ), © w) =W( ) <8> ( K ~ 1 (' u; (-i))-' y ); 

and (5(f) = U(-i) © u (o) for f G V, is of diagonal type. Let B(V) denote the 
Nichols algebra generated by V. More precisely, as proved in ^T] and noted 
in Prop. 2.11], 

oo 

B{V) = k © V © V 0m / ker S m 

m=2 

where 5 m G End k (V® m ), S hj G End fc (V® J ' +1 ), 

m— 1 m—1 

s m =n (id^- 1 © = n © id®^- 1 ), 

i=i i=i 
S'ij = id + ct^ 1 + o-- 1 ^ 1 + ■ ■ ■ + o-^crjg 1 • • ■ ajj +1 , 

S jA = id + + arj +1 ay\ ;j + ■■■ + ajj +1 ■ ■ ■ <t£<t£ 
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(in leg notation) for m > 2 and j G N . The maps S m are called braided 
symmetrizer. They have analogues where the braiding a is used instead of 
a- 1 . Set B(V)i := V^/ker Si C B{V). The algebra B{V) is Z n -graded, 
where the degrees of the generators Xi are deg Xi = e i: and {ej | 1 < i < n} 
is a basis of the Z-module Z n . 

Note that in our setting V" is additionally a Yetter-Drinfel'd module over 
/cZ n where 

e« > Xj =qjiXj, l{ x j) = e j ® x j- (2) 

Here {ej 1 1 < i < n} is a fixed basis of the Z-module Z n , and > and 7 
denote the left action and left coaction of /cZ n on V. In order to avoid 
misunderstandings we will use the exponential notation for elements of Z™, 
thus e^ 1 is the inverse of in the group Z n . The braiding a of V commutes 
both with the action of gi and the action of ef. for all i, j, m G {1, 2, . . . , n} 
one has 

a{g i .(x j <g> x m )) =g i .a(x j <g> x m ), cr(ej > (x^ ® x m )) =e, > cr^- <g> x m ). (3) 

The dual vector space V* gives rise to left and hg/iit skew- differential 
operators y\ and yf on B{V), where 1 < i < n, in the following way. Let 
{Vi I 1 < i < ^} denote the basis of V* dual to {rcj | 1 < 2 < n}. For m G N, 
p G B(V) m and 2 G {1, 2, . . . , n} set 

(1) =wf(i) = 0, tf(p) =p^, yf(p) =a£ (4) 

where 

n n 

5i, m -i(p) =5^®^, ^-1,1 (p) =^p;'®^. 

1=1 1=1 
Note that the antipode k of group algebras satisfies k 2 = id and hence left 
and right duals of Yetter-Drinfel'd modules coincide. One can consider the 
vector space \An k {y\ | 1 < % < n} as a Yetter-Drinfel'd module over kG dual 
to V , that is for i, j G {1,2, ... ,n} one has 

9i-y) =Qv 1 vh %■) = 9J 1 ® v)- (5) 
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Similarly, the vector space Linjt{yf | 1 < « < n} becomes a Yetter-Drinfel'd 
module over kU 1 dual to V, that is one has 

e* > J/? =0^*, 7(^ R ) = ej 1 <g> y* (6) 

for all z, j £ {1,2,..., n}. Moreover, the skew-differential operators yf and 
yf , where 1 < i < n, and the braiding a satisfy the equations 



(vl ® id)(o- ^ ® x m )) =((/ i ^Zj) yf (:r m ), 
(id ® yf )(cr _1 (a; i ® x m )) =yf (xj) ef 1 > x m 

for all j, m £ {1,2,..., n}. Therefore equations (j3} give that 

y\{pm) =yl{pi)p2 + gi 1 -piyl{p2), 
yf{pip2) =pi yf(p2) + yf(pi) ef 1 > p 2 



(7) 



(8) 



for all pi, pi £ B(V) and i £ {1, 2, . . . , n}. Note that by definition the skew- 
differential operators yf and yf commute: 

yf(y](p)) = yf(yf(p)) for ail i,j e {1,2, . . . ,«}, P £ B(v). (9) 

Moreover, the skew-differential operators yf and yf and the group-like ele- 
ments gj, ej, where i,j £ {1,2,..., n}, satisfy the equations 

9r{y\{9j l -P)) =%iVi{p), ej > (ej 1 > />)) (1Q) 

gj-iyfigf-p)) =i^yf(p), ej > (yfiej 1 > p)) =^ V(p) 

for all p £ B(V). It is a standard fact that the algebra generated by the skew- 
differential operators yf, where i £ {1,2, ... ,n}, is isomorphic to B(V*). 
Further, as noted in jSJ Sect. 2.1], the assignment Xj i— > yf extends uniquely 
to an algebra isomorphism i : Z3(V) — > B(V*). Finally, by Lemma 1 and 
Corollary 2 in there exists a unique bilinear map (•, •) : (B(V*)#kG) <S> 
B(V) — > B(V) which defines a B(V*)#kG-modu\e algebra structure on B(V) 
extending the action of yf and g^ for alH £ {1, 2, . . . , n}. 
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3 Finiteness conditions 



Retain the notation from the previous section. By a theorem of Kharchenko 
Theorem 2] the algebra B(V) has a (restricted) Poincare-Birkhoff-Witt 
basis consisting of homogeneous elements with respect to the Z n -grading of 
B(V). Let A + {B{V)) C Z n denote the set of degrees of the (restricted) 
Poincare-Birkhoff-Witt generators of B(V), counted with multiplicities. By 
the definition of the Z n -degree of B(V) one clearly has A + (B(V)) C Nq. Set 
A(B(V)) = A + (B(V)) U -A+(B(V)). 

Let's consider the following finiteness conditions on B(V). 

(Fl) dim k B(V) < oo, 

(F2) the set A + (B(V)) is finite, 

(F3) Bim k B(V) < oo, 

where Dim^ denotes Gel'fand-Kirillov dimension. Obviously one has the 
implications (F1)=^(F2)=^(F3). Further, the condition (Fl) holds if and only 
if (F2) is satisfied and the heights of all restricted Poincare-Birkhoff-Witt 
generators of B(V) are finite. It is not known whether (F3) implies (F2). 
As in [2] define 

ad CT Xj(p) :=Xip - (11) 

for p G B{V) and i 6 {1, 2, ... , n}. Consider the sets 

M tJ := {(adeXi^ixj) \ m G N } 

for i,j G {1,2, .. . ,n}, i ^ j. By [TUl Lemma 20], if one assumes that (F3) 
holds then all My are finite sets. More generally, by |2l Lemma 3.7] or jUJ 
Sect. 4.1] for given i,j G {1,2, ... ,n} with i ^ j the number 

rriij := min{m G N | (m + l) qii {q%qijQji ~ 1) = °} ( 12 ) 

is well-defined if and only if My is finite. In this case one has the relations 

(ad^^+Vj) = and (ad CT x;) my (zi) 7^ 0. 
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Fix % G {1,2, ... ,n}. By the above paragraph, if Mjj is finite for all 
j G {1,2, ... ,n} with j ^ i (for example if (F3) holds) then one can introduce 
a Z-linear mapping Si : Z n — > Z n as follows: 



In (3J Ch. 5, §2] such maps are called pseudo-reflections. Note that sf = id. 

4 Transformations of Nichols algebras 

Assume for the whole section that B(V) is a rank n Nichols algebra of diag- 
onal type. Further, suppose that i G {1, 2, . . . , n} is chosen such that M it j is 
finite for all j G {1,2,..., n} with j ^ i. We describe the construction of a 
Nichols algebra associated to i. 

Since kyf G fci3^C one can construct the smash product 



dyf =qu 1 vfe l , A^) =e, ® e 4 , Zl(yf ) = 1 ® yf + yf ® e" 1 . (14) 



By Equations (fTUj) and (jHJ) one obtains that B(V) is an ifj-module algebra, 
where e« and e^ 1 act via > and acts by evaluation. By slight abuse of 
notation the symbol > will also be used for the left action of Hi on B(V). 
Let (B(V) op #Hi° p ) op denote the opposite algebra of the smash product of 



B(V) op and if 4 cop . Recall that it contains B(V) and H° p ' cop as subalgebras 




(13) 



H t :=k[yf}#k[e t ,e^}. 



It has a unique Hopf algebra structure satisfying the formulas 



and one has 



ph =h (1) (h {2) > p), 



(15) 



and in particular 



pyf =yf ■ (e; 1 > p) + yf(p) 



(16) 
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for all p G B(V) and h G H iy where A(h) = h(%) ® hp) denotes the coproduct 
of he Further, (23(V) op #i^ op ) op is a Yetter-Drinfel'd module over kG 
where the left action . and left coaction 5 on (B(V) op #Hi° p ) op are given by 

5(xj) =gj <g> xj, 5{yf) =g7 1 ® yf , <S( ei ) =1 <g> e», 

gj.X m Oj m X m , 9j-Vi Q-ji Ui j 9j- e i ^« 

for all j, m G {1,2,..., n}. 

Proposition 1. Assume that i G {1,2, ... ,n} such that M^j is finite 
for all j G {1,2, ... ,n} with j ^ i. Let Vi denote the subspace of the al- 
gebra (B(V) op #Hi° P ) op generated by the set {(ad a Xi) m » {xj) \ j ^ i} U {yf}. 
The subalgebra Bi of (B{V) op ^H^ op ) op generated by Vi is isomorphic to the 
Nichols algebra B(Vi), and the relation A + (Bi) = (si(A + (B(V))) \ {-e*}) U 
{e^} holds. 

Remark. It will be clear from the construction that the transformation 
in Proposition^ is invertible. This fact is in accord with the relation sf = id. 

■ 

Proof. One easily checks that Vi is a Yetter-Drinfel'd submodule of 
(B(V) op ^ z Hi° v ') op over kG where the Yetter-Drinfel'd module structure of 
(B(V) op #Hi° p ) op is described above the proposition. 

In the following we will sometimes consider (B(V) op ^H^ op ) op as a vector 
space and as such we identify it with B(V) ® Hi. 

We show that 

Bi = keryl ® %f](c B(V) ® Hi). (18) 

Recall that yf may have finite order, but it is always the same as the order 
of Xi. Note also that by Equations (JHJ), ([To]) , and © the space ker yf <g> k[yf] 
is a subalgebra of (B(V) op #H'[ op ) op . The inclusion Bi C keryf ® k[yf] holds 
by definition of £>j. In order to prove that Bi D ker y\ ® &[yf] one first checks 
that B{V) = keiyf ® k[xj\ (as graded vector spaces) using methods similar 
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to [HI Lemma 2.2]. Further, keryf is generated as an algebra by {Jj^^Mij. 
Now one proves by induction that 

yfdad^rixj)) =^V) 9 -(1 - C-^^Xad^r- 1 ^) (19) 

for all m G N and all j 6 {1,2,..., n}. Hence by Equation f)16|) one obtains 
that kery^ ® k[yf] is generated by 

In order to prove that the subalgebra Bi of (B(y) op ^H^ op ) op is a Nichols 
algebra it suffices to find n appropriate skew-differential operators on £>j. 
More precisely, according to the fact that the Yetter-Drinfel'd module Vi 
generates Bi, one has to find for all m G {1, 2, . . . , n} a map Y rn G End(£>j) 
such that 

r,(p lP2 ) =Y J (p 1 )p 2 + {g- m -gf. Pl ) Yj(p 2 ), 
Yi{ PlP 2) =Y t ( Pl )p 2 + ( 9i . Pl ) K t (p 2 ), (20) 
^((ad^)"^^)) = Yi(yf) = 5 H (Kronecker's delta) 

for all P i, P 2 G Bi, and j,l G {1,2,..., n}, j ^ i. For p G Bi set 

:=ad CT Xi(p) = x iP - (^.p)xj. 

By definition of ad CT , Yj satisfies the second equation of (|27I|) for all pi,p2 G 
(i3(V) op #-ffj° p ) op . Moreover, by Equation (jHJ) one obtains for all p G ker?/^ 
the formula 

Vi(xip - (9i-p)xi) = p- gi l .(gi. P ) = 0. 

Hence Yj maps keryf C #(V) onto itself. By Equations (fTTj) and (fTH|l one 
gets also 

Yiivf) =XiVf - (9i-y?)xi = XiVf - q^yfxi = yf(xi) = 1. 

Finally, the equation Yi((ad a Xi) mij (xj)) = (ad a Xi) miJ+l (xj) = holds for all 
j £ {1,2,..., n}, j ^ i, by the definition of m^-. 

Let's now turn to the construction of Yj, where j G {1, 2, ... , n}, j ^ i. 
Set \j := (i((ad -Xj) miJ (xj)), (ado-Xj)" 1 ^^.;)) (for the notation see the last 
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paragraph of Section |2J). By [HI Sect. 4.1] and the definition of one 
obtains that Xj G k \ {0}. Define 

Y s (p ® (»f) m ) := f (4(ad^) m «(^)),p) ® (yf) m 

for all p G keryf, m G N , and j G {1,2,..., n}, j 7^ i. By Eqn. (2)] the 
coproduct of i((ad <T x i ) m ^'(a;j)) G B(V*)#kG takes the form 

my 

^(ad^r^i)) ® 1 + E ^"'V'V ® ^ad^H^)) 

m=0 

for certain q G fc, where c mij . = 1. Since y?' vanishes on beryl, the first 
equation of (|20|) holds for all pi G kery 4 L , p 2 G It remains to show that 
the first equation of (|2*U|) is valid for p\ = yf and p 2 G keryj\ By Equations 
(Unj and © one obtains that 

Yj(v? P2) =Y j ((e i > p 2 ) ® yf - yf (e, > p 2 )) 

^■(e, > p 2 ) ® yf - yf (^(e, > p 2 )). (21) 

On the other hand, by Equations (fTfiJl and (jTUjl one gets 

(gf^gj'.yf) Y 3 { P2 ) C'<ip (fe > ^(p 2 )) ® yf - yf (e, > r,(p 2 ))) - 

By Equation (fTUj) the latter coincides with (|2*T|) . 

Finally, it has to be shown that A + (£i) = (s ? ,(A + (i3(V))) \ {-e*}) U 
{ej}. In the Z n -graded algebra (B(V) op #Hl° p ) op the elements Xj and yf have 
degree and — e i5 respectively, for all j G {1, 2, . . . , n}. Hence the elements 
(ad o-Xj)" 1 ^ (xj) have degree ej + m^e, = Sj(ej) for all j G {1, 2, . . . , n}, j 7^ 2. 
Fix the ^"-degrees of the generators of Bi by 

deg yf :=ei, deg (ad^)" 1 "'^) : = e j (22) 

for j G {1,2,..., n}, j 7^ z. Then Sj(A + (jBj)) is exactly the set of degrees of 
the (restricted) Poincare-Birkhoff-Witt generators of in (B(V) op ^H^ op ) op . 
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Recall that any Nichols algebra B of rank n is isomorphic as a Z"-graded 
vector space to the algebra k[x r \r G A + {B)]/{x^ r |r G A + (B),h r < oo). 
Here /i r denotes the height of the (restricted) Poincare-Birkhoff-Witt gen- 
erator corresponding to r G A + (B), and by Kharchenkos theorem it is 
uniquely determined by the Z n -degree of x r . Therefore it suffices to know 
the multiplicities of the Z n -homogeneous components of B in order to de- 
termine A + (B(V)). This fact and the equation B(V) = keiyf <S> k[xi] al- 
lows us to conclude that (with obvious interpretation) A + (ker?/ t L <g> fc[yf]) = 
(A + (B(V)) \ {ej}) U {— e,}. Since the determination of A + can be performed 
using different total orderings of Z n , we conclude from Equation (fTH|) that 
Si(A + (Bi)) = (A + (B(V)) \ {ei}) U {-ej. This proves the proposition. ■ 

Remark. 1. Proposition ^ has the following interpretation. Set A : = 
A{B{V)) C Z™. Then the set A(£>j) coincides with A with respect to the 
basis {si(ej) | 1 < j < n} of Z n . With other words, the transformation 
doesn't change A(B(V)), it changes only the basis of Z n . Additionally, this 
base change is performed in such a way that the new basis is a subset of 
A(B(V)). 

2. The constants m^- appearing in the definition of the map Sj, where 
j G {1, 2, . . . , n} and j ^ i, depend on the structure constants of the braiding. 
The latter usually change if one performs a transformation. However in a 
special case, namely if the braiding is of Cartan type, this change is not 
essential. This situation is the one which is best understood, and it will also 
be analyzed in more detail in Sectional ■ 

5 The Weyl— Brandt groupoid associated to a 
Nichols algebra 

Let Q be a nonempty set, D C Q x Q a nonempty subset, and o : D — > Q 
a map of sets. The pair (Q, o) is called Brandt groupoid if it satisfies the 
following conditions (see for example jU Sect. 3.3]). 
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• If (x, y) G D then each of the three elements x, y, x o y is uniquely 
determined by the other two. 

• If (x, y), (y, z) G D then (xoy, z), (x, yoz) G D and (xoy)oz = xo(yoz). 

• If (x, y), (xoy, z) G D then (y, z), (x, yoz) G D and (xoy)oz = xo(yoz). 

• If (y, z), (x, yoz) G -D then (x, y), (xoy, z) G D and (xoy)oz = xo{yoz). 

• For all a; G there exist unique elements e,f,y<EQ such that (e, x), 
(x, f), (y, x) G D, eox = xof = x, and y o x = f. 

• Ifeoe — e, fof — f for certain e, / G Q then there exists x E Q such 
that eox = xof = x. 

Let 0(V) be a rank n Nichols algebra of diagonal type. Let E : = 
(ei, . . . , e n ) denote the (ordered) standard basis of Z n . Define 

W(V) := {(s,E) | s G Aut(Z n ), E is an ordered basis of Z", 
there exist mi, 777.2 G No, mi < m 2 , 
and ij, . . . , i m2 G {1,2,..., n}, such that 
s im . . . Si ± (Eo) is well defined for all m < 1712 and 
s im 1 ■ ■ ■ s h(Eo) = E, s = s im2 . . . Sj mi+1 }. 

Note that W(V) is not empty since (id, E ) G W(V). Recall that sj = id 
whenever Si is defined. Hence there is a natural Brandt groupoid structure 
on Q = W(V) such that (s, E) o (t, F) is defined (and is then equal to (si, F)) 
if and only if t(F) = E. We call W(V) the Weyl-Brandt groupoid of B(V). 
The definition of W(V) gives an important consequence of Proposition ^ 

Corollary 2. If B(V) is a rank n Nichols algebra of diagonal type satis- 
fying (F2) then W{V) is finite. In particular, the orbit of any element and 
any ordered basis of TP 1 under the action ofW{V) is finite. 
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6 Nichols algebras of Cartan type 



If the braiding a of V is of diagonal type and the structure constants q^ 
satisfy the equations 

QijQji = i,j G {1, 2, . . . , n}, (23) 

where da = 2 and a^- is a nonpositive integer for all i ^ j, then one says 
that a (and V and B{V)) is of Cartan type. It is then always assumed that 
the ciij are maximal with the above properties. Note that if > for 
some j 7^ i and qu is not a root of unity then by Rosso (TQl Lemma 20] the 
Gel'fand-Kirillov dimension of B(V) is infinite. 

Lemma 3. Assume thatV is an n- dimensional Yetter-Drinfel'd module 
of Cartan type and let (aij)ije{i,2,...,n} denote the corresponding Cartan ma- 
trix. 

(i) Suppose that i G {1,2, ... ,n} and m G N such that m < —a^ for at least 
one j G {1,2,..., n}. Then q™ +1 ± 1. 

(ii) For the numbers in Equation one obtains rriij = —aij for all i,j G 

{1,2,. ,.,7l}. 

Proof. To (i). Since V is of Cartan type, one has q^ 3 = q^qji- Assume 
that m + 1 < — a,ij and q™ +1 = 1. One obtains that q™ +1+aiJ = qijqji, and 
m + 1 + dij < 0. This is a contradiction to the choice of a^-. 

To (ii). This follows from the definition of and from (i). ■ 

One says that a is of finite type if the Cartan matrix {a%j)%j&{i,2,...,n} is 
of finite type. There exist classification results of Rosso [TU1 Theorem 21] 
and Andruskiewitsch and Schneider jH Theorem 1.1] on Nichols algebras of 
Cartan type with finite Gel'fand-Kirillov dimension (F3) and finite dimension 
(Fl), respectively. The introduction of the Weyl-Brandt groupoid W(V) in 
the previous section allows to state a theorem without technical assumptions 
on the numbers g^-. 

Theorem 4. Let V be an n-dimensional Yetter-Drinfel'd module of Car- 
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tan type with corresponding Cartan matrix C := (dij)i 7 je{i,2,...,n}- 

(i) If C is not of finite type then A.(B(V)) is infinite. 

(ii) IfC is of finite type then A.(B(V)) can be identified with the set of roots of 
the semisimple Lie algebra corresponding to C . Moreover, in any connected 
component the heights of the (restricted) Poincare-Birkhoff-Witt generators 
depend only on the lengths of the roots corresponding to them. 

Proof. To (i). Assume that A(i3(V)) is finite. By Proposition ^ for 
each i G {1, 2, . . . , n) there exists a Nichols algebra Bi = B(Vi) of rank n. By 
Lemma ED^n) one has my = —a^. Choose the basis of Vi in such a way that 
the j th basis vector is (ad CT Xj)~ a<J (xj) if j ^ i and yf if j = i, respectively. 
Let {q{i)jm \ j, m G {1,2,..., n}} denote the set of structure constants of the 
braiding of Vi with respect to this basis. By Equations (|T7|) one gets 

if j = m — i, 
if j = i, m 7^ i, 
if j ^ i, m — i, 
</!]'' <!,""' iij^i,m^ i. 

In particular, one obtains that 

q(i)jj ( Ur q{i)jmq{i)mj =q{i)°jj m (24) 

for all j, m G {1, 2, ... , n}. Hence Bt is of the same Cartan type as B(V). This 
means that the linear maps s in the elements (s, E) G W(V) don't depend 
on the basis E of Z™. By (F2) and Corollary |2] the Weyl-Brandt groupoid 
is finite. If C is symmetrizable then ^(y) is canonically isomorphic 
to W x B where W is the Weyl group associated to C and B is the orbit of 
E under W. Here E := (ei, . . . , e„) denotes the ordered standard basis of 
Z n . It is well-known [7J Ch. 1, Theorem 4.8] that W is finite if and only if the 
symmetrizable Cartan matrix is of finite type. Thus for (i) it suffices to show 
that the group W^(V) is infinite whenever C is not symmetrizable. Note that 
if W(V f ) corresponding to a Yetter-Drinfel'd submodule V of V is infinite 



Qii Qim ~ Qmi 



a-ij —1 



k Ha Qim Q 



Ji 
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then VK(V) is itself infinite. Further, if the Dynkin diagram associated to 
a Cartan matrix is simply-laced or has no cycles then it is symmetrizable. 
Thus we only have to show that W(V) is infinite if the corresponding Dynkin 
diagram is a cycle which is not simply-laced. Further, if we remove a node 
from a cycle, then we come again to the symmetrizable case. Thus it is 
sufficient to consider cycles (which are not symmetrizable) such that after 
removing an arbitrary node the resulting diagram is of finite type. Using the 
classification result of Cartan matrices of finite type one obtains easily (for 
similar argumentations confer also [U Sect. 4.4]) that such cycles have three 
nodes, or the corresponding Cartan matrix is one of the following: 



/ 2 -2 

-1 2 

-1 

\-l 



-1\ 

-1 

2 -2 

-1 2/ 



/ 


2 


-2 








-l\ 




-1 


2 


-1 













-1 


2 


-1 













-1 


2 


-1 


\ 


-1 








-1 


2 / 



In the last case Equations imply that qf x = q 22 = Q33 = <?44 = 055 = qu 
and hence q\ 2 q 2 \ — Qu — 1- By the maximality assumption on the latter 
means that this type of Cartan matrix does not appear. 

Consider cycles with three nodes. The matrices tj of Sj, i G {1, 2, 3}, with 
respect to the basis {ei, e 2 , e 3 } take the form 



f— 1 —a 12 —ai} 
1 

V 1 / 



( 1 

-a 21 -1 
\ 



-023 




Without loss of generality one can suppose that a 12 < —1. The element 
S1S2S3 (recall the independence of the Sj from the basis of Z n ) has the matrix 



/ 0-120-21 +Ol3 a 31 — 1 — Ol2023 a 31 Ol2+0-13 a 32 — 012023^32 Ol3 — a 12«23\ 

023 a 31 ~ a 21 a 23 a 32 — 1 ^23 

\ -0 3 1 -<232 "I 
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Since we assumed (F2), by Corollary |2] this matrix has to have finite order 
with respect to multiplication. This means in particular that all eigenvalues 
of the (invertible) matrix ti^2^3 have to have absolute value 1, and hence its 
trace is not bigger than 3. Further, if the trace is 3 then the matrix has to be 
the identity Since a 12 < —2, for the trace of tit 2 t 3 one obtains the relation 

tT(tit 2 t 3 ) = a u a 2 i + ai 3 a 3 i + 023032 - 012^23031 - 3 > 2+1+1+2-3 = 3. 

As tit 2 t 3 is obviously not the identity this yields that S1S2S3 doesn't have 
finite order and hence W(V) is infinite. An analogous conclusion holds for 
the remaining cycle with 4 nodes, where the matrix of siS 2 s 3 S4 and its trace 
are 



/6 

3 

2 1 

\1 



5\ 

-2 

-2 
-1/ 



tr(ti* 2 t 3 t4) = 6 > 4. 



For the proof of (ii) we need the following lemma. 

Lemma 5. Let C be a symmetrizable Cartan matrix of finite type with 
corresponding Weyl group W . Let Ac denote the root system corresponding 
to C . Let 71 be a fixed set of simple roots generating Ac- Then 

{ma I m G Z, a G A c } = {a e Ztt \ Wa C N 7r U -N 7r}. 

Proof. The inclusion C in the equation of the lemma is well-known. 
Further, if the rank n of C is one then the inclusion D is trivial. 

Suppose that the inclusion D in the lemma doesn't hold. Without loss 
of generality the rank n of C is minimal with this property. By the above 
remark one has n > 2. Let a G Z7r with Wa C No7r U — Nqtt. Without loss of 
generality one can take a G Nqti. If a ^ Nil then a = m/3 for some (3 G Ac, 
m G Z, by minimality of n. Otherwise, since application of a simple reflection 
Si onto a changes only 1 of its coefficients, Si(a) G N n by assumption on 
a. Again, if Sj(a) ^ Ntt then Si(a) = mj3 for some (3 G Ac, m G Z, by 
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minimality of n, and hence a = mSj(/3). Finally, the case Wa C Ntt can not 
appear since w Q a G — Nn where w is the longest element of W. u 

To (ii). If V is of finite type then the Cartan matrix C = (ciij)i ) je{i,2 ! ...,n} 
is symmetrizable and hence W(V) is isomorphic to W x B. Define a Z-linear 
map : 7Lm — > Z n , where 7r = {ai, . . . , a n } is a fixed set of simple roots of 
the root system A c associated to C, by the formula 

4>(oLi) := e,. 

Note that <p commutes with the action of the maps Sj, where Sj are also 
interpreted as reflections on the set Ac with respect to simple roots. Since 
all elements of Ac may be obtained from simple roots by application of 
an element of the Weyl group, one obtains A(B(V)) D (fi(A c )- Since the 
multiplicities of the degrees of the generators of B(V) are one, the multiplicity 
of 4>{a) is one for all a e Ac- 

Assume now that a G A.(B(V)) \ <f)(Ac). It is well-known that a ^ Ze^ 
for all i £ {1,2,..., n}. By application of elements in W one obtains that 
a (jz {m(p((3) \ m G Z, /3 G Ac}. By Lemma El there exists w G W such that 
wa i N tt U -N tt. This is a contradiction to A + (B(V)) U -A + (B(V)) = 
A(B(V))=w(A(B(V))). 

Recall that qu = qjj whenever i,j G {1,2, ... ,n} are in the same con- 
nected component, and any root a G Ac can be written as a = w(ai) for 
some simple root a« and an element w of the Weyl group. Thus the last 
statement of the theorem follows from Equation^] ■ 
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